Longitudinal wave response of a chiral slab interposed between micropolar solid half-spaces  by Khurana, Aarti & Tomar, S.K.
International Journal of Solids and Structures 46 (2009) 135–150Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rLongitudinal wave response of a chiral slab interposed
between micropolar solid half-spaces
Aarti Khurana, S.K. Tomar *
D.A.V. College, Sector-10, Chandigarh, UT 160 011, Indiaa r t i c l e i n f o
Article history:
Received 15 December 2007
Received in revised form 31 March 2008
Available online 26 August 2008
Keywords:
Micropolar
Chiral
Interface
Reﬂection
Transmission
Amplitude0020-7683/$ - see front matter  2008 Published b
doi:10.1016/j.ijsolstr.2008.08.018
* Corresponding author. Address: Department of M
+91 172 2541132.
E-mail addresses: aarti_maths@yahoo.com (A. Kha b s t r a c t
A plane longitudinal displacement wave is made incident upon a chiral slab of uniform
thickness, interposed between two different semi-inﬁnite micropolar elastic solids. The
amplitude ratios of various reﬂected and refracted waves are obtained using the two pos-
sible sets of boundary conditions. The variations of various amplitude ratios with the angle
of incidence as well as with the frequency are depicted graphically, for a speciﬁc problem.
The effect of chirality parameter and the thickness of the chiral slab on these amplitude
ratios have been noticed. Results of some earlier researchers have also been reduced as
special cases of present formulation.
 2008 Published by Elsevier Ltd.1. Introduction
In the classical theory of elasticity, the motion in an elastic material is described by the translational degrees of freedom
and the transmission of load across a surface element is characterized only by a force stress vector. The classical theory of
elasticity is found to be inadequate for the treatment of deformations and motions of a material possessing granular struc-
ture and certain discrepancies are observed between experimental and theoretical results. In particular, the effect of granular
structure or microstructure, becomes important in transmitting waves of high frequency or small wavelength. An attempt
was made by Cosserat and Cosserat (1909) to explain these discrepancies by developing an asymmetric theory of elasticity.
The Cosserats’ theory remained dormant for over half a century. The subject of theory of elasticity with couple stresses was
reopened and Cosserat-type theories were discussed independently by Grioli (1960), Aero and Kuvshinskii (1960), Trusdell
and Toupin (1960), Mindlin and Tierstein (1962), Toupin (1962, 1964), Eringen (1962), and Kuvshinskii and Aero (1965)
among others. In these theories, the microrotation vector is not accounted as an independent vector; consequently, the anti-
symmetric part of the force stress tensor and the symmetric part of the couple stress tensor remain undetermined. Eringen
(1966) introduced a ‘linear theory of micropolar elasticity’, which is a subclass of the theory of micro-elastic solids earlier
developed by Eringen and his coworker (1964a,b). In micro-elastic continuum, each material particle possesses three
deformable directors (called micro-elements), that introduce nine additional degrees of freedom, which are strain like quan-
tities. In case of micropolar continuum, these directors are rigid and describe the three independent rotational degrees of
freedom ðUiÞ, in addition to the three displacement degrees of freedom ðuiÞ. The deformation measures in micropolar con-
tinuum are given by cij ¼ uj;i  ekijUk; bij ¼ Uj;i, where cij is the strain tensor and bij is the curvature tensor. Moreover, iny Elsevier Ltd.
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1968, 1999). In case, when the directors are fully coupled to the material point, then the microrotation vector becomes equal
to the macrorotation vector, i.e., Uk ¼ Rk ¼ eijkuj;i=2 and the micropolar theory reduces to the couple stress theory. One can
see that in the couple stress theory, the deformation measures are 2eij ¼ uj;i þ ui;j;2bij ¼ ekljul;kj; ðbii ¼ 0Þ, where eij is the
symmetric part of the strain tensor cij, and the degrees of freedom are given only by the displacement ðuiÞ. Thus, when
the macrorotations and the microrotations are same, the micropolar theory reduces to the couple stress theory. Cowin
(1970) has also pointed out that the couple stress theory is a constrained version of the Cosserat or micropolar theory.
Relationship between the theories of materials with microstructure is explained nicely by Cowin (1984).
A Cosserat or micropolar solid which is isotropic with respect to coordinate rotations but not with respect to inversions is
called non-centrosymmetric, acentric, hemitropic, or Chiral. A Chiral solid has three new elastic constants, in addition to the
six considered in the fully isotropic micropolar solid. The microstructure of such a continuum has screw-like property and
can support initial couple-stresses of twist. Characteristically, a material possessing chirality must have neither a center nor
a plane of symmetry for its molecular structure. Chiral materials, due to lack of geometric symmetry between an object and
its mirror image, have been known in optics as optically active materials. This phenomenon of optical activity in materials was
ﬁrst observed long back in optical spectrum due to the transverse nature of optical wave (see Fresnel, 1866). In the homo-
geneous deformation of these materials, the particles can undergo a translation, a rotation about its center of mass and an
afﬁne deformation, i.e., they can support couple stresses and spin inertia. Physically, a chiral medium can be thought of com-
prising by the helical arrangements of microstructures, in which the structural chiral inclusions or springs are embedded in a
host medium (see Weitsman, 1967; Ro et al., 1991).
Lakhtakia et al. (1988) derived the dispersion equations for the plane waves propagating in an inﬁnite chiral solid and
found that there exist six wavenumbers corresponding to the six possible waves. Of the six wavenumbers, two represent
non-dispersive longitudinal ﬁelds, while the remaining four correspond to dispersive transverse circularly polarized ﬁelds,
comprising of two RCP (right circularly polarized) waves and two LCP (left circularly polarized) waves. Yang and Hsia (1995)
reported that the two transition frequencies of the dispersion equations divide the frequency response of the transverse
wavenumbers into three different groups, and hence, the four transverse modes can only be distinguished in a speciﬁed fre-
quency range. Propagation of plane waves at a welded contact plane interface between achiral/ chiral solids has been inves-
tigated by Lakhtakia et al. (1990) and Yang and Hsia (1997). Recently, Khurana and Tomar (2008) have extended their
problem to micropolar/chiral interface when a plane longitudinal wave propagating through a micropolar elastic solid
strikes obliquely at the interface. Following Elphinstone and Lakhtakia (1994a), they have utilized independently two pos-
sible sets of boundary conditions at the micropolar-chiral interface, namely, (i) set-I: continuity of all components of u, e^z  s
and U, and (ii) set-II: continuity of all components of u, e^z  s and e^z m, where e^z is the unit normal to the bimaterial inter-
face. They have presented the reﬂection and transmission coefﬁcients and computed their values, for a speciﬁc model in or-
der to discuss the effect of chirality parameter on them.
Elphinstone and Lakhtakia (1994a,b) have investigated the response of a plane wave incident on a chiral solid slab sand-
wiched between two elastic solid half-spaces. They pointed out that when a linearly polarized plane wave propagating
through an isotropic non-chiral medium, encounters an interface with a chiral medium, then the refracted plane waves
are either longitudinal or transverse circularly polarized waves. In the present work, we consider a chiral slab of uniform
thickness, interposed between two different micropolar elastic solid half-spaces. A plane longitudinal displacement wave
propagating through one of the micropolar elastic solid half-spaces, is assumed to be incident on the chiral slab. We have
presented the reﬂection and transmission coefﬁcients obtained separately, corresponding to the two possible sets of bound-
ary conditions. The variations in the modulus of the amplitude ratios with the angle of incidence and with the frequency are
depicted graphically, for a peculiar model. The effect of the chirality parameter and the thickness of the chiral slab on various
amplitude ratios is also studied. Comparison in the modulus of the respective amplitude ratios corresponding to the two pos-
sible sets of boundary conditions, is also shown graphically. The results obtained by Hsia and Yang (1999) and Khurana and
Tomar (2008) for the corresponding problems have been reduced from the present formulation.
2. Formulation of the problem
Consider a three layered model consisting of a chiral solid slab of ﬁnite thickness D, interposed between two distinct
semi-inﬁnite micropolar elastic solids. Introducing the Cartesian co-ordinate system ðx; y; zÞ, such that x and y axes are
on horizontal plane and z axes is pointing vertically downward. Let the intermediate layer occupying the region
M : ½0 6 z 6 D be delineated by the planes z ¼ 0 and z ¼ D and the two micropolar elastic solid half-spaces be occupying
the regions Mð1Þ : ½z < 0 and Mð2Þ : ½z > D. Denoting the elastic parameters and the density of the chiral slab M by
k;l;a; b; c;C3, q and that of in the half-spaces MðlÞðl ¼ 1;2Þ by the quantities kðlÞ;lðlÞ;KðlÞ;aðlÞ; bðlÞ; cðlÞ, qðlÞ.
The force stress tensor sðlÞij and the couple stress tensor m
ðlÞ
ij for micropolar elastic solid medium M
ðlÞðl ¼ 1;2Þ are given by
(Eringen, 1966)sðlÞij ¼ kðlÞuðlÞk;kdij þ lðlÞðuðlÞi;j þ uðlÞj;i Þ þ KðlÞðuðlÞj;i  eijkUðlÞk Þ; ð1Þ
mðlÞij ¼ aðlÞUðlÞk;kdij þ bðlÞUðlÞi;j þ cðlÞUðlÞj;i ; ð2Þ
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ðlÞ
i are the displacement and the microrotation vectors, respectively, and other symbols have been borrowed
from Eringen (1966).
The equations of motion for micropolar elastic solid medium MðlÞðl ¼ 1;2Þ in the absence of body force and body couple
densities are given by (Eringen, 1966)cðlÞ1
2 þ cðlÞ3
2 rr  uðlÞ  cðlÞ2 2 þ cðlÞ3 2
 
rr uðlÞ þ cðlÞ3
2rUðlÞ ¼ €uðlÞ; ð3Þ
cðlÞ4
2 þ cðlÞ5
2 rr UðlÞ  cðlÞ4 2rrUðlÞ þxðlÞ0 2r uðlÞ  2xðlÞ0 2UðlÞ ¼ €UðlÞ; ð4Þ
where cðlÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkðlÞ þ2lðlÞÞ=qðlÞ
q
;cðlÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðlÞ=qðlÞ
p
;cðlÞ3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KðlÞ=qðlÞ
q
;cðlÞ4 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðlÞ=qðlÞJðlÞ
q
;cðlÞ5 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaðlÞ þbðlÞÞ=qðlÞJðlÞ
q
;xðlÞ0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KðlÞ=qðlÞJðlÞ
q
, and
JðlÞ is the micro-inertia.
Introducing the scalar potentials qðlÞ and nðlÞ; the vector potentials UðlÞ and PðlÞ, through the Helmholtz representation of
vector, as followsfuðlÞ;UðlÞg  rfqðlÞ; nðlÞg þ r fUðlÞ;PðlÞg;r  fUðlÞ;PðlÞg ¼ 0;
and using these relations into Eqs. 3 and 4, it has been shown by Parﬁtt and Eringen (1969) that there exist following four
basic waves propagating with distinct phase speeds:
(i) a longitudinal displacement wave propagating with phase speed V ðlÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðlÞ1
2 þ cðlÞ3
2
q
,
(ii) a longitudinal micro-rotational wave traveling with speed V ðlÞ2 given byV ðlÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðlÞ4
2 þ cðlÞ5
2 þ 2xðlÞ0
2
=kðlÞ
2
q
;and (iii) two sets of coupled transverse waves propagating with phase speeds V ðlÞ3 and V
ðlÞ
4 given byV ðlÞ3 ¼
1
2A
ðBþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
Þ
 1
2
and V ðlÞ4 ¼
1
2A
ðB
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
Þ
 1
2
;where A ¼ 1 2xðlÞ0
2
=xðlÞ2; B ¼ ½cðlÞ4
2 þ cðlÞ2
2ð1 2xðlÞ0
2
=xðlÞ2Þ þ cðlÞ3
2ð1xðlÞ0
2
=xðlÞ2Þ; and C ¼ cðlÞ4
2ðcðlÞ2
2 þ cðlÞ3
2Þ:
The force stress tensor sij and the couple stress tensor mij for chiral solid M are given by (Lakes and Benedict (1982))sij ¼ kuk;kdij þ lðui;j þ uj;iÞ þ C3Uj;i; ð5Þ
mij ¼ aUk;kdij þ bUi;j þ cUj;i þ C3uj;i  C3eijkUk; ð6Þwhere uj and Uj are the displacement and the microrotation vectors, respectively.
The elastodynamic equations in the chiral solid M with vanishing body force and body couple densities, are governed by
(Nowacki, 1986)c21rr  u c22rr uþ c26rr U c26rrU ¼ €u; ð7Þ
ðc24 þ c25Þrr U c24rrUþ 2c27rUþ c27rr  u c27rr u ¼ €U; ð8Þwhere c21 ¼ ðkþ 2lÞ=q; c22 ¼ l=q; c24 ¼ c=qJ; c25 ¼ ðaþ bÞ=qJ; c26 ¼ C3=q; and c27 ¼ c26=J ¼ C3=qJ, and J being the polar
moment of inertia.
As earlier, decomposing the vectors u and U by using the scalar potentials q and n, and the vector potentials U and P,
respectively, and inserting the resulting relations into Eqs. 7 and 8, one can obtain the phonon dispersion relations (see Khur-
ana and Tomar (2008)). In an inﬁnite chiral medium, Lakhtakia et al. (1988) have shown that there exist following six waves
traveling with different phase speeds:
(i) two sets of coupled longitudinal waves traveling with speeds V1 and V2 given by (Khurana and Tomar, 2008)V21;2 ¼ C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C2  c21ðc24 þ c25Þ þ c26c27
q
; C ¼ ðc21 þ c24 þ c25Þ=2: ð9Þ(ii) four sets of coupled transverse waves traveling with speeds Viði ¼ 3;4;5;6Þ, where V2i are the roots of the dispersion
Eq. (11) of Khurana and Tomar (2008). Out of these four distinct sets of coupled transverse waves, the two sets are
coupled right circularly polarized (RCP) waves and the remaining two sets are the coupled left circularly polarized
(LCP) waves.
Let a plane longitudinal displacement wave traveling through the micropolar elastic solid medium Mð1Þ be incident at
the interface z ¼ 0, and makes an angle hð1Þ0 with the z-axis. A part of this incident energy will be reﬂected back into the
medium Mð1Þ and rest will be transmitted into the medium M. Now, the wave associated with transmitted energy will
proceed through the medium M to interact with the boundary z ¼ D, where again some part of this energy will be re-
ﬂected and rest will be transmitted into the medium Mð2Þ. The reﬂected energy further proceeds back to interact with
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and z ¼ D, we shall take the following reﬂected and refracted waves into consideration.
2.1. Reﬂected waves
In mediumMð1Þ: (i) a longitudinal displacement wave traveling with speed V ð1Þ1 and making an angle h
ð1Þ
1 with the normal,
(ii) two sets of coupled transverse waves propagating with speeds V ð1Þ3;4 and making angles h
ð1Þ
3;4 with the normal;
In medium M: (i) two sets of coupled longitudinal waves traveling with speeds V1;2 and making angles h1;2 with the nor-
mal, (ii) four sets of coupled transverse waves propagating with speeds Vi and making angles hiði ¼ 3;4;5;6Þ with the
normal.
2.2. Refracted waves
In medium M: (i) two sets of coupled longitudinal waves traveling with speeds V1;2 and making angles h1;2 with the nor-
mal, (ii) four sets of coupled transverse waves propagating with speeds Vi and making angles hiði ¼ 3;4;5;6Þ with the
normal;
In mediumMð2Þ: (i) a longitudinal displacement wave traveling with speed V ð2Þ1 and making an angle h
ð2Þ
1 with the normal,
and (ii) two sets of coupled transverse waves propagating with speeds V ð2Þ3;4 and making angles h
ð2Þ
3;4 with the normal.
Here, the problem considered is a two-dimensional problem in x z plane. Therefore, we take the following form of
potentials.
In the medium Mð1Þ:qð1Þ ¼ Að1Þ0 Pþ0
ð1Þ þ Að1Þ1 P1 ð1Þ; Uð1Þ ¼
X4
p¼3
Að1Þpy e^yP

p
ð1Þ; ð10Þ
Pð1Þ ¼
X4
p¼3
ðBð1Þpx e^x þ Bð1Þpz e^zÞPp ð1Þ; ð11Þin the medium M:q ¼
X2
p¼1
ðApPþp þ BpPp Þ; n ¼
X2
p¼1
DpðApPþp þ BpPp Þ; ð12Þ
U ¼
X6
p¼3
ðApPþp þ BpPp ÞðD1pe^x þ D2p e^y þ D3p e^zÞ; ð13Þ
P ¼
X6
p¼3
DpðApPþp þ BpPp ÞðD1p e^x þ D2p e^y þ D3pe^zÞ; ð14Þand in the medium Mð2Þ:qð2Þ ¼ Að2Þ1 Pþ1
ð2Þ
;Uð2Þ ¼
X4
p¼3
Að2Þpy e^yP
þ
p
ð2Þ
; ð15Þ
Pð2Þ ¼
X4
p¼3
ðBð2Þpx e^x þ Bð2Þpz e^zÞPþp
ð2Þ
; ð16Þwhere Pþ0
ð1Þ ¼ expfikð1Þ1 ðsin hð1Þ0 x þ cos hð1Þ0 zÞ  ixð1Þ1 tg; Pp ð1Þ ¼ expfikð1Þp ðsin hð1Þp x  cos hð1Þp zÞ  ixð1Þp tg; Pþp ¼ expfikpðsin hpxþ
cos hpzÞ  ixptg; Pp ¼ expfikpðsin hpx  cos hpzÞ  ixptg; Pþp
ð2Þ ¼ expfikð2Þp ðsin hð2Þp x þ cos hð2Þp zÞ  ixð2Þp tg, xðlÞr ¼ kðlÞr V ðlÞr ðr ¼
1;3;4; l ¼ 1;2Þ andxs ¼ ksVsðs ¼ 1;2; . . . ;6Þ; kðlÞr and ks being the respective wavenumbers, e^x; e^y and e^z are the unit base vec-
tors, Að1Þ0 , A
ð1Þ
1 , A
ð1Þ
3y , and A
ð1Þ
4y denote the amplitudes of the incident longitudinal displacement wave, the reﬂected longitudinal
displacement wave, the reﬂected set of coupled transverse wave propagating with speed V ð1Þ3 , and the reﬂected set of coupled
transverse wave propagating with speed V ð1Þ4 , respectively, in medium M
ð1Þ, As, and Bs are the amplitudes of the respective
refracted and reﬂected waves traveling with phase speed Vs; A
ð2Þ
1 , A
ð2Þ
3y , and A
ð2Þ
4y denote the amplitudes of the refracted lon-
gitudinal displacement wave, the refracted set of coupled transverse wave propagating with speed V ð2Þ3 , and the refracted
set of coupled transverse wave propagating with speed V ð2Þ4 , respectively, in medium M
ð2Þ. Parﬁtt and Eringen (1969) have
shown that the coefﬁcients AðlÞp and B
ðlÞ
p ðp ¼ 3;4; l ¼ 1;2Þ are connected to each other through the relation given byBðlÞp ¼
ixðlÞ0
2
AðlÞpyðcos hðlÞp e^x þ sin hðlÞp e^zÞ
kðlÞp c
ðlÞ2
4 þ 2xðlÞ
2
0 k
ðlÞ2
p  V ðlÞ
2
p
  : ð17ÞThe expressions of the quantity Dsðs ¼ 1;2; . . . ;6Þ are (Yang and Hsia, 1995)
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qx2sk2s ðkþ2lÞ
k2s C3
; when s ¼ 1;2
qx2s k2s l
k2s C3
; when s ¼ 3;4;5;6:
8><
>: ð18ÞWhen a RCP or a LCP plane wave propagates in the x z plane, the presentation of the quantities D1s , D2s , and D3s can be spec-
iﬁed asD1s : D
2
s : D
3
s :: i cos hs : 1 : i sin hs;where the upper signs ‘+’ in D1s and ‘’ in D3s refer to the RCP plane waves, and the lower signs in D1s and D3s are used to express
the LCP plane waves.
We note that there are eighteen unknown, namely, AðlÞ1 , A
ðlÞ
3y, A
ðlÞ
4y, As, and Bsðl ¼ 1;2; s ¼ 1;2; . . .6Þ, occurring in (10)–(16).
Hence, for a complete description of the problem, eighteen linearly independent boundary conditions are required to solve
the problem. The classical theory of elasticity provides us the following twelve boundary conditions, corresponding to the
continuity of displacement and surface traction, i.e., (see Achenbach, 1973)uð1ÞðincÞ þ uð1ÞðrefÞ ¼ uðtrÞ þ uðrefÞ at z ¼ 0; ð19Þ
e^z  ðsð1ÞðincÞ þ sð1ÞðrefÞÞ ¼ e^z  ðsðrefÞ þ sðtrÞÞ at z ¼ 0; ð20Þ
uðtrÞ þ uðrefÞ ¼ uð2ÞðtrÞ at z ¼ D; ð21Þ
e^z  ðsðrefÞ þ sðtrÞÞ ¼ e^z  sð2ÞðtrÞ at z ¼ D: ð22ÞIn micropolar continuum, in addition to the above mentioned boundary conditions, the continuity of micro-rotation or
the continuity of couple stress is required. These conditions are given by (see Khurana and Tomar, 2008)Uð1ÞðrefÞ ¼ UðtrÞ þUðrefÞ at z ¼ 0; ð23Þ
UðtrÞ þUðrefÞ ¼ Uð2ÞðrefÞ at z ¼ D; ð24Þ(corresponding to the continuity of micro-rotation),e^z  ðmð1ÞðincÞ þmð1ÞðrefÞÞ ¼ e^z  ðmðrefÞ þmðtrÞÞ at z ¼ 0; ð25Þ
e^z  ðmðrefÞ þmðtrÞÞ ¼ e^z mð2ÞðtrÞ at z ¼ D; ð26Þ(corresponding to the continuity of couple stress).
Thus, we have two possible sets of boundary conditions at the two bi-material interfaces. The set-I contains the condi-
tions given in Eqs. 23 and 24, while, set-II contains the conditions given in Eqs. 25 and 26. However, the conditions given
in Eqs. (19)–(22) are common in both set-I and set-II. Both these sets of boundary conditions sufﬁce to solve the boundary
value problem.
Using the potentials given in (10)–(16), one can obtain a system of eighteen simultaneous algebraic equations corre-
sponding to each set of boundary conditions, which can be written as a matrix formula½M½X ¼ ½N; ð27Þ
where ½M ¼ ½aij is a 18 18 matrix, ½N is a 18 1 matrix, ½X ¼ ½Z1; Z2; Z3 . . . . . . . . . Z18t , ‘t’ in the superscript represents the
transpose of the matrix, Z1 ¼ Að1Þ1 =Að1Þ0 and Zr1 ¼ Að1Þry =Að1Þ0 ðr ¼ 3;4Þ are the reﬂection coefﬁcients in medium
Mð1Þ; Zsþ3 ¼ As=Að1Þ0 and Zsþ9 ¼ Bs=Að1Þ0 ðs ¼ 1;2; . . . ;6Þ are, respectively, the transmission and reﬂection coefﬁcients in the med-
iumM, Z16 ¼ Að2Þ1 =Að1Þ0 and Zrþ14 ¼ Að2Þry =Að1Þ0 ðr ¼ 3;4Þ are the transmission coefﬁcients in mediumMð2Þ. The system of equations
given in 27 corresponding to set-I and set II separately, will enable us to determine the amplitude ratios of various reﬂected
and transmitted waves.
3. Limiting cases
1. If we assume that the half-spaces Mð1Þ and Mð2Þ are free from micropolarity, then we shall be left with the corresponding
problem of a chiral slab sandwiched between two achiral solid half-spaces, earlier studied by Elphinstone and Lakhtakia
(1994a). In this limiting case, we see that the phase speeds V ðlÞ2 and V
ðlÞ
4 vanish and thus, the waves corresponding to these
phase speeds would disappear. Hence, AðlÞ2 ¼ AðlÞ4y ¼ 0: Using this and substituting the constants corresponding to micro-
polarity equal to zero into the system of equations given in the matrix Eq. 27, one can obtain the relevant reﬂection
and transmission coefﬁcients. It has been seen that the results of the problem investigated by Hsia and Yang (1999)
for the case of normal incidence of longitudinal displacement wave, are recovered.
2. If the chirality and the microrotation effects are removed from the chiral slab M, then the problem will reduce to an
elastic solid slab sandwiched between two micropolar elastic solid half-spaces. In the chiral medium M, if we con-
sider the waves propagating with phase speeds V3 and V4 as LCP waves and the waves traveling with phase speeds
V5 and V6 as RCP waves, then in this limiting case there will exist three waves in medium M, namely, a longitudinal
140 A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150displacement wave traveling with speed V1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 2lÞ=qp and two transverse circularly polarized waves, involving a
LCP wave and a RCP wave, propagating with equal speeds, i.e., V3 ¼ V5 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l=q
p
(say). After making the required sub-
stitutions into the equations given in the matrix Eq. 27 corresponding to set-I, we obtain A3 ¼ A5 ¼ A=2 (say),
B3 ¼ B5 ¼ B=2 (say) andsin hð1Þ0 k
ð1Þ
1 A
ð1Þ
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X4
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þ 2l sin h3 cos h3k23 expfik3 cos h3DgA 2l sin h3 cos h3k23 expfik3 cos h3DgB
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2  Að2Þpy ¼ 0: ð37ÞThese equations will enable us to provide the reﬂection and transmission coefﬁcients corresponding to the relevant
problem.
3. If we assume that the micropolar elastic solid mediumMð2Þ is removed from the model of the problem and extending the
thickness of the chiral slab to inﬁnite, then the problem will reduce to the incidence of a longitudinal displacement wave
at a perfectly bonded interface between a micropolar-chiral elastic solid half-spaces. In this limiting case, the reﬂected
A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150 141waves propagating with phase speeds Vs having amplitudes Bs will not appear in medium M as there is no other bound-
ary. Hence, the system of equations given in (27) obtained separately corresponding to both the sets of boundary condi-
tions, will reduce to the equations obtained earlier by Khurana and Tomar (2008) for the relevant problem.
4. Numerical results and discussion
To study the problem numerically for a speciﬁc model, we have computed the absolute values of various reﬂection and
transmission coefﬁcients corresponding to set-I and set-II of the boundary conditions. Comparison in the respective coefﬁ-
cients have been depicted graphically through Figs. 13–16. The effect of chirality parameter C3 has been studied on the
amplitude ratios corresponding to set-I and are depicted through Figs. 9–12. The effect of thickness of chiral slab on the
amplitude ratios has also been noticed, but shown only on the coefﬁcient corresponding to reﬂected longitudinal wave.
The material constants used in the numerical computations are given as follows.Medium Mð1Þ0 10 2
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edium M(1) with respect to angle of incidence (Curve I: Z1Medium Mð2Þkð1Þ ¼ 75900 106 N=m2 k ¼ 500 106 N=m2 kð2Þ ¼ 78500 106 N=m2
lð1Þ ¼ 13500 106 N=m2 l ¼ 300 106 N=m2 lð2Þ ¼ 13700 106 N=m2
Kð1Þ ¼ 149 106 N=m2 J ¼ 0:01 m2 Kð2Þ ¼ 139 106 N=m2
qð1Þ ¼ 2200 kg=m3 q ¼ 1200 kg=m3 qð2Þ ¼ 2700 kg=m3
Jð1Þ ¼ 0:00000196 m2 a ¼ 2 106 N Jð2Þ ¼ 0:00000212 m2
að1Þ ¼ 0:01 106 N b ¼ 4 106 N að2Þ ¼ 0:01 106 N
bð1Þ ¼ 0:015 106 N c ¼ 5 106 N bð2Þ ¼ 0:015 106 N
cð1Þ ¼ 0:0268 106 N C3 ¼ 20 106 N=m cð2Þ ¼ 0:0288 106 NWe have taken D = 0.001 m and the frequency ratio xRð¼ xð1Þ1 =xð1Þ0 Þ ¼ 10: The values of elastic constants in the micropo-
lar elastic solid half-spaces are taken arbitrarily, while those in the chiral slab are taken from Elphinstone and Lakhtakia
(1994a). From the above data, the characteristic length ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kð1Þ=lð1Þ
q
Þ in the micropolar half-space Mð1Þ is 0:1408 102 m
and the wavelength of the incident wave is 0:3683 102 m.
In Fig. 1, the reﬂection coefﬁcient Z1 begins with the value 0:7385 near normal incidence, then its value decreases slowly
to a certain value with increase in the angle of incidence hð1Þ0 lying in the range 0
0 < hð1Þ0 6 50
0. Thereafter, its value increases
rapidly and takes the value equal to one, at grazing incidence. In the range 00 < hð1Þ0 < 90
0, the variations of reﬂection coef-
ﬁcients Z2 and Z3 are parabolic of different scaling, but at normal and grazing incidences, both vanish. In Fig. 2, both the
transmission coefﬁcients Z4 and Z5 begin with their maximum values, i.e., 0:1176 and 0:2593, respectively, near normal inci-, Curve II: Z2  10, Curve III: Z3).
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Fig. 2. The variations of modulus of transmission coefﬁcients in medium M with respect to angle of incidence (Curve I: Z4, Curve II: Z5, Curve III: Z6  102,
Curve IV: Z7  102, Curve V: Z8  10, Curve VI: Z9  10).
142 A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150dence and then they decrease monotonically with the increase in the angle of incidence and ultimately, vanish at grazing
incidence. All the transmission coefﬁcients corresponding to transverse circularly polarized waves, namely, Z6, Z7, Z8, and
Z9, are zero at normal incidence, they increase with increase in the angle of incidence till certain angles to attain their respec-
tive maximum values. Then, they decrease to zero as hð1Þ0 approaches to grazing incidence. In Fig. 3, it can be seen that the
reﬂection coefﬁcients Z10 and Z11 begin with certain ﬁnite values at normal incidence. Afterwards, the coefﬁcient Z10 in-
creases as hð1Þ0 increases through the range 0
0 < hð1Þ0 6 58
0 and thereafter, its value decreases sharply to achieve the value
zero, at grazing incidence, while the coefﬁcient Z11 goes on decreasing monotonically and attains the value zero at grazing
incidence. The reﬂection coefﬁcients Z12, Z13, Z14, and Z15 have similar pattern with h
ð1Þ
0 . All of them begin with the value zero,0 10 20 30 40 50 60 70 80 90
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Fig. 3. The variations of modulus of reﬂection coefﬁcients in medium M with respect to angle of incidence (Curve I: Z10  10, Curve II: Z11, Curve III:
Z12  10, Curve IV: Z13  10, Curve V: Z14  10, Curve VI: Z15  10).
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values. Afterwards, these coefﬁcients decrease with further increase in angle of incidence and ﬁnally vanish at grazing inci-
dence. In Figs. 2 and 3, we note that the coefﬁcients Z6 and Z7 have same values at each angle of incidence. This fact is also
true with the pairs of coefﬁcients (Z8, Z9), (Z12, Z13), and (Z14, Z15). In Fig. 4, the transmission coefﬁcient Z16 begins with its
maximum value, i.e., 0:2373 near normal incidence, then it decreases continuously with increase in the angle of incidence
and ﬁnally vanishes at grazing incidence. We notice that the behavior of transmission coefﬁcients Z17 and Z18 with h
ð1Þ
0 is
similar as that of the coefﬁcients Z2 and Z3.
In Figs. 5–8, we have shown the variations of absolute values of various reﬂection and transmission coefﬁcients corre-
sponding to set-I, with the frequency ratioxR, when hð1Þ0 ¼ 300. The effect ofxR is seen on each coefﬁcient, however, the coef-
ﬁcients corresponding to transverse waves are found to be most affected. Next, we have shown the effect of chirality0 10 20 30 40 50 60 70 80 90
Angle of incidence (in degrees)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
Am
pl
itu
de
 ra
tio
s
Transmitted wavesIII
I
II
Fig. 4. The variations of modulus of transmission coefﬁcients in medium M(2) with respect to angle of incidence (Curve I: Z16, Curve II: Z17  10, Curve III:
Z18  104).
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Fig. 5. The variations of modulus of reﬂection coefﬁcients in medium M(1) with respect to frequency ratio xRð¼ xð1Þ1 =xð1Þ0 Þ at angle of incidence hð1Þ0 ¼ 300
(Curve I: Z1, Curve II: Z2  10, Curve III: Z3).
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Fig. 6. The variations of modulus of transmission coefﬁcients in medium M with respect to frequency ratio xR at angle of incidence h
ð1Þ
0 ¼ 300 (Curve I: Z4,
Curve II: Z5, Curve III: Z6  10, Curve IV: Z7  10, Curve V: Z8  10, Curve VI: Z9  10).
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Fig. 7. The variations of modulus of reﬂection coefﬁcients in medium M with respect to frequency ratio xR at angle of incidence h
ð1Þ
0 ¼ 300 (Curve I: Z10,
Curve II: Z11, Curve III: Z12, Curve IV: Z13, Curve V: Z14, Curve VI: Z15).
144 A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150parameter ðC3Þ on reﬂection and transmission coefﬁcients by taking two different values, namely, C3 ¼ 20 106N/m and
C3 ¼ 80 106N/m. It is evident from Figs. 9–12 that the coefﬁcients depend on the angle of incidence as well as on the chi-
rality parameter. However, the nature of this dependence is different for different reﬂection and transmission coefﬁcients.
Note that the parameter C3 has no effect on any coefﬁcient at grazing incidence. From Fig. 9, we observed that at each angle
of incidence, the value of the reﬂection coefﬁcient Z1 increases with increase of C3, whereas the values of the reﬂection coef-
ﬁcients Z2 and Z3 decrease as C3 increases. In Figs. 10 and 11, it can be seen that the values of the coefﬁcients Z5 and Z11
decrease with increase of C3 and all the other coefﬁcients, except the coefﬁcient Z4, increase with increase of C3, at each angle
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Fig. 8. The variations of modulus of transmission coefﬁcients in medium M(2) with respect to frequency ratio xR at angle of incidence h
ð1Þ
0 ¼ 300 (Curve I:
Z16, Curve II: Z17  10, Curve III: Z18  10).
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Fig. 9. The variations of modulus of reﬂection coefﬁcients in medium M(1) with respect to angle of incidence (Solid curve: C3=80  106N/m, dotted curve:
C3=20  106N/m) (Curve I: Z1, Curve II: Z2, Curve III: Z3).
A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150 145of incidence. From Fig. 12, one can observe that the transmission coefﬁcients in mediumMð2Þ decrease with increase of C3, at
each angle of incidence, in general.
In Figs. 13–16, we have depicted the comparison of various coefﬁcients computed corresponding to set-I and set-II,
against the angle of incidence. From Fig. 13, it can be seen that the reﬂection coefﬁcient Z1 computed corresponding to
set-II is greater than that of computed corresponding to set-I, at each angle of incidence. The gap between them goes on
decreasing as hð1Þ0 tends to grazing incidence. The pattern of variations of the coefﬁcients Z2 and Z3 are found to be almost
same corresponding to set-I and set-II. In Figs. 14 and 15, it can be noted that at each angle of incidence, the coefﬁcients
Z5, Z8, Z9, Z11, Z12, Z13, Z14 and Z15 corresponding to set-I are greater than those corresponding to set-II, while the coefﬁcients
Z4, Z6, Z7, and Z10 corresponding to set-II are greater than those corresponding to set-I. From Fig. 16, we note that there is
signiﬁcant difference between the transmission coefﬁcient Z16 computed corresponding to set-I and that computed corre-
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Fig. 10. The variations of modulus of transmission coefﬁcients in mediumMwith respect to angle of incidence (Solid curve: C3=80  106N/m, dotted curve:
C3=20  106N/m) (Curve I: Z4, Curve II: Z5, Curve III: Z6, Curve IV: Z7, Curve V: Z8, Curve VI: Z9).
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Fig. 11. The variations of modulus of reﬂection coefﬁcients in medium M with respect to angle of incidence (Solid curve: C3=80  106N/m, dotted curve:
C3=20  106N/m) (Curve I: Z10, Curve II: Z11, Curve III: Z12, Curve IV: Z13, Curve V: Z14, Curve VI: Z15).
146 A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150sponding to set-II, however this difference decreases with increase of the angle of incidence and vanishes at grazing inci-
dence. The gap between the respective values of the transmission coefﬁcients Z17 and Z18 computed corresponding to set-
I and set-II, is signiﬁcant and on similar pattern with the angle of incidence, but it is much appreciable in the case of Z18.
We have also studied the effect of the thickness parameter D on reﬂection and transmission coefﬁcients corresponding to
set-I, at three different values, namely, D = 0.001 m, 0.01 m, and 0.1 m. It is found that at each angle of incidence, these coef-
ﬁcients are signiﬁcantly affected with the variation of the thickness of the slab, except at grazing incidence. As the thickness
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Fig. 12. The variations of modulus of transmission coefﬁcients in medium M(2) with respect to angle of incidence (Solid curve: C3=80  106N/m, dotted
curve: C3=20  106N/m) (Curve I: Z16, Curve II: Z17, Curve III: Z18  103).
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Fig. 13. The variations of modulus of reﬂection coefﬁcients in mediumM(1) with angle of incidence obtained using two possible sets of boundary conditions
(Solid curve: set-I, dotted curve: set-II) (Curve I: Z1, Curve II: Z2, Curve III: Z3).
A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150 147of the chiral slab increases, the corresponding curves of the coefﬁcients ﬂuctuates more and more, at the intermediate angles
of incidence. We have shown the effect of D on Z1 only, through Fig. 17. We see that the curve corresponding to Z1 is smooth
when D = 0.001 m, but as the value of D increases, there occurs signiﬁcant ﬂuctuations. We found that the coefﬁcients cor-
responding to transverse waves are not inﬂuenced by the variation in the thickness of the chiral slab at normal incidence.
Thus, all the coefﬁcients depend on D as well as on C3 of the chiral slab.
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Fig. 14. The variations of modulus of transmission coefﬁcients in medium M with angle of incidence obtained using two possible sets of boundary
conditions (Solid curve: set-I, dotted curve: set-II) (Curve I: Z4, Curve II: Z5, Curve III: Z6, Curve IV: Z7, Curve V: Z8, Curve VI: Z9).
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Fig. 15. The variations of modulus of reﬂection coefﬁcients in medium M with angle of incidence obtained using two possible sets of boundary conditions
(Solid curve: set-I, dotted curve: set-II) (Curve I: Z10, Curve II: Z11, Curve III: Z12, Curve IV: Z13, Curve V: Z14, Curve VI: Z15).
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A detailed theoretical analysis has been carried out to understand the response of a longitudinal displacement wave prop-
agating through a micropolar elastic solid medium and striking on the chiral slab of uniform thickness that is sandwiched
between two different micropolar elastic solid half-spaces. There are two possible sets of boundary conditions at the two
bi-material interfaces. The amplitude ratios are obtained independently corresponding to both the sets of boundary condi-
tions. We conclude that:
1. At normal incidence, the reﬂection and transmission of only longitudinal waves takes place and no set of coupled trans-
verse waves is found to reﬂect or transmit, in all the regions. At grazing incidence, no reﬂection/ transmission phenomena
take place and only the same wave propagates along the incident medium.
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Fig. 16. The variations of modulus of transmission coefﬁcients in medium M(2) with angle of incidence obtained using two possible sets of boundary
conditions (Solid curve: set-I, dotted curve: set-II) (Curve I: Z16, Curve II: Z17, Curve III: Z18  103).
0 10 20 30 40 50 60 70 80 90
Angle of incidence (in degrees)
0.5
0.6
0.7
0.8
0.9
1.0
Am
pl
itu
de
 ra
tio
s
Reflected waves
D=0.1
D=0.01
D=0.001
Fig. 17. The variations of modulus of amplitude ratio Z1 corresponding to longitudinal reﬂected wave propagating with phase speed V
ð1Þ
1 with respect to
angle of incidence (At three distinct values of thickness D).
A. Khurana, S.K. Tomar / International Journal of Solids and Structures 46 (2009) 135–150 1492. Reﬂection and transmission coefﬁcients are found to be dependent upon the frequency, angle of incident wave, chirality,
and thickness of the interposed slab.
3. At normal incidence, the effect of chirality parameter is found to be maximum on the amplitude ratios corresponding to
the reﬂected and transmitted longitudinal waves, which decreases with the increase of angle of incidence. No effect of
chirality parameter on any coefﬁcient is observed at grazing incidence. At intermediate angles of incidence, the effect
of chirality on various other amplitude ratios is found to be maximum.
4. For very thin slab, the variations in all the amplitude ratios with the angle of incidence are found to be smooth enough.
But as the thickness of the chiral slab becomes signiﬁcant, we obtain more andmore ﬂuctuations in the variations of these
coefﬁcients with the angle of incidence.
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